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ABSTRACT 


The growth model initiated by R. M. Solow dealt only with 
the real sector of an economy. The neoclassical monetary growth 
model dealt with outside money and its effects on the real sector 
of an economy. However, outside money or government debt itself 
consists of two components: high-powered money and government bonds. 
The outstanding government debt is changed by a direct increase or 
decrease in high-powered money, and by an increase or decrease in 
the money supply generated by open market operations. The second 
component of outside money was not included in the earlier neo- 
classical monetary growth models. This study attempts to take into 
account both components of outside money. When the second component 
is included, it affects disposable income which, in turn, affects 
the saving and investment functions. 

The question of stability is examined in the short-run 
and long-run dynamic models with three assets; money, bonds, and 
physical capital stock. It has been found that the stability of 
the dynamic system depends on the interest elasticities of demand 
for money and bonds, and on the natural rate of growth of an 
economy. This study suggests that the monetary authorities could 
select the ratio of money to bonds in such a way that the economy 


would move into the region of the stable growth path. 
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an expression used in the Routh Theoren, 


an element of non-singular matrix E, 


the real value of all securities (whether held by the private 


sector or by the central bank), 
B/rPL: real bond holdings per capita, 


the number of nominal bonds outstanding, paying one dollar 
per coupon, 


the rate of new issue of government bonds, 
the rate of real consumption expenditure, 
the real value of business profits, 

the rate of growth of the financial market, 


the rate of real government expenditures on goods and 
services, 


the rate of real investment expenditure, 
K/lemcapital- labouriratio, 


the speed of the price movement in the commodity and 
service market, 


the speed of the price movement in the securities market, 


the level of real stock of physical capital, 
labour force available at time t, 


M/PL: real money holdings per capita, 
the nominal stock of high-powered money, 


the rate of new issue of money in nominal terms, 


the natural rate of growth of the labour force, 
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general price level, 


nominal market rate of interest, 


real market rate of interest, 


the marginal and average propensity to save out of disposable 
income, 


the 


the 


level of real saving, 


time period, 


the marginal and average tax rate, 


the 


rate of nominal transfer payments excluding the interest 


payment on the outstanding government bonds, 


the 


the 


the 


the 


net 


the 


the 


the 
the 


rate of real tax revenue, 

level of real wages, 

level of real wealth in the private sector, 
rate of real national output per capita, 
national product in real terms, 

rate of real disposable income per capita, 
rate of real disposable income, 


proportion of the total supply of securities held by 
private sector as opposed to that held by the central 


bank, 


the 


the 


the 


the 


the 


"expectation coefficient'' of changes in the price level, 
rate of growth of nominal money, 

speed of adjustment in the asset markets, 

rate of growth of nominal bonds, 


elasticity of demand for bonds with respect to the 


rate of interest, 


the 


elasticity of demand for money with respect to the 


rate of interest, 
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Mee B: the rate of money or bond expansion, 

m . : : 

oe the ratio of government debt, i.e., the ratio of money 
to bonds, 


the realeratesor returm om capital, the marginal product of 
capitals 


the expected rate of change in the price level, 
over a symbol stands for the equilibrium value, 


(a dot) over a symbol stands for time derivative. 
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CHAPTER I 


INTRODUCTION 


This thesis deals with the analysis of the monetary growth 
model and follows the general form of Tobin's work. Despite the large 
volume of literature on the monetary growth model, little has been 
done to explain the role of bonds and the interest rate in the growth 
process. In this study, money is outside money, and new issues of 
money and bonds are created to finance the government budget deficits. 
We assume in this study that the government expenditures on goods and 
services, G, is equal to the government revenue from taxation, V. 
The government budget deficits then consist of the transfer payments 
and the interest payments to the bond holders. 

The study begins in Chapter II, where we review the basic 
neoclassical growth model and the role of outside money in the model. 
Since modern economies cannot ignore the role of the interest rate and 
its effects on the real sector of the economy, in the second section 
of Chapter II we examine the role ae bentks in a growing economy. 
Unfortunately, there is not yet as much work done in this area. 

In Chapter III, we introduce, therefore, government bonds 
into the neoclassical monetary growth model in a very simply way, and 
we specify a growth model with three assets, namely, private physical 
capital, money, and government bonds. The model also contains an 
aggregate production function, a growing labour force, and behavior 


equations for asset-holdings and private savings. Disposable income 
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has an important role in this model and consists of real income plus 
the increment in government debt. 

In Chapter IV, the main part of this thesis, the dynamic 
path of the model will be examined. In particular, the existence of 
steady equilibrium growth paths and their stability conditions will 
be analysed for both the short-run and long-run dynamic systems. 
Since the method of stability employed here is rather mathematical 
in nature, occasional mathematical presentations have been unavoidable 
throughout the thesis. The Routh theorem has been used in order to 
find whether or not the dynamic system is stable. 

The results of our study are presented in Chapter V, the 
closing chapter. Here we not only present the results, but also 
indicate that some of the assumptions could be relaxed in order to 


have better results in the sense to approximate reality more closely. 





CHAPTER II 


REVIEW OF MONEY AND BONDS IN GROWTH THEORY 


The Role of Money and in a Growing Economy 


The basic assumptions of the Solovian neoclassical growth 
1 ; 
model” for an economy that produces a single homogeneous output, Y, 


which can be either consumed or saved and invested, are as follows: 


(1) The rate of growth of the labour force is given exogenously 
as n. 

(2) The production function, Y = F(K,L), is linear and homogeneous. 
It has the special properties of substitutability of labour 
and capital, and exhibits diminishing marginal returns to both 
factors. | 

(3) Investment is assumed to be always equal to saving, and saving 


ised ixedat raction cLsoutput, 


Since the production function is linearly homogeneous, we can show 


output per capita as a function of capital per capita: 
(ey) Veoeuck) whe remiye=el/ Le and (ky = 9h) la. 


Any growth model must be able to answer the following 


questions. Do long-run equilibrium values of capital per capita, k, 


me M. Solow, "A Contribution to the Theory of Economic 
Growth," Quarterly Journal of Economics 70 (February 1956): 65-94. 
See also R. M. Solow, Growth Theory: An Exposition (London: Oxford 
University Press, 1970), pp. 1-57. 
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and output per capita, y, exist? Are these values stable? What are 
the values of wages and profits? What is the distribution of output 
between wages and profits? What are the values of consumption and 
Saving per capita? 

Indeed, the neoclassical growth model tends toward a long- 
run equilibrium of steady state growth Starting from any initial 
values different from those required for steady state growth paths. 
Given the values of capital and labour available for employment under 


the condition of profit maximization, TEENS 


adye Sar, 
(2.2) ete fan) 
= dy = — ' Sd 
@253) Meu Bk) Sf) Ce) Mk 
(2.4) y = £(k) =wtok, 


the combination of factors is assumed to be such that there will 
always be full employment of available capital and labour at an 
appropriate level of wages, w (in real terms), and rate of Droge. 
p. The properties of the production function will guarantee the 
existence of a unique solution at w and o0 Sreacer chan zero 
with any arbitrary K and L. Since Saving equals income minus 
consumption, and saving equals investment, as an equilibrium con- 
dition, we have no problem of unemployment due to ineffective 
demand, as we have in Keynesian theory. rom kk =/K/L,) by. 


logarithmic differentiation with respect to time we get: 


eee 
(22.5) re ae 
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and since K =I =S = sY = sF(K,L), we have 


K _ sF(K,L) _ sf£(k) 
K K ae 


Therefore, 


_ Sf(k) as 


(25 8) k 


a Ae 


Eq (2.6) is Solow's fundamental equation. Steady state full employ- 


ment growth at a constant capital-labour ratio requires that k = 0; 


EK) 0 


thus k = 


The "well-behaved" production function ensures 
that there always exists a unique value of k* as a solution to 

Eq (2.6), the long-run equilibrium capital-labour ratio, at which 
Cqul ib elumeOULDULsDerecapl tagis Vy*, ands, Y, 9K, sand Lb. all crow 
deslLiessame =rate =n. ltvis Gasy to eéxplain that, starting from any 
value at which ky # k*, an economy will eventually converge to a 
steady state growth path. Beginning at any point, such as Ko < k*, 
saving out of full employment income exceeds the investment required 
at the existing capital-labour ratio to provide employment for the 
increment in the labour force. In other words, the existing capital- 
labour ratio is too low. In Harrod's term we have a situation where 
the warranted growth rate exceeds the natural growth rate. Since it 
is assumed that S$ = 1, the capital-labour ratio must rise, and, 
given a competitive market, the wage rate rises and the profit rate 
falls. Under the assumption of profit maximization (or cost minimi- 
zation), the producers choose a technique with a higher capital-labour 
ratio. The value of w rises to the point where all the available 


stock of capital is fully utilized. This process continues during 
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the subsequent periods, and eventually the economy will reach that 
point where the capital-labour ratio, k*, is such that the available 
saving is just enough to employ the increment in the labour force 

with the same capital intensity. At such a point the warranted growth 
rate will be equal to the natural growth rate and the solution will 
become consistent with a steady state. Alternatively, if the natural 
growth rate is greater than the warrented growth rate, a similar 
processewilitwork tnvthetoppositesdirection, ise.;  weafallis and op 
goes up. 

Because of the properties of the production function, 
capital and labour can be substituted so long as w and pe are 
assumed to be flexible. Therefore, the full employment of available 
capital and labour is always guaranteed regardless of the size of 
the labour force and the stock of capital. Moreover, such a sub- 
stitution can go on until the steady state is reached. 

These results follow from the assumption of a single out- 
put economy in which planned investment is equal to planned savings, 
i.e., markets are always in equilibrium. The only form in which 
wealth can be held is real capital. The model deals with only the 
real sector of an economy. Since modern economies are monetary 
economies, the introduction of money into the growth model is a step 
towards reality. Tobin introduces money into the neoclassical growth 


1 
model. The introduction of outside money into the model raises the 


rid Tobin, ‘Dynamic Aggregative Model,'' Journal of 
Polmedica Ln CononyaoomeApis Wal955)*: @ O31 ScyeeSeecalso Jn Tobin, 
"Money and Economic Growth,"' Econometrica 33 (October 1965): 
671-84. 
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question of whether or not the money has any effect on the real 
variables of a growing economy, i.e., the tepeen of whether money 
is neutral. In static analysis, if wealth is not an argument in the 
Saving function, and if prices are flexible, the quantity theory 
suggests that doubling the stock of money will cause the price level 
to double with no effect on the real sector of the economy. In 
growth theory, the question of the neutrality of money is related, 
not to the absolute level of the money supply, but to its rate of 
change over time. That is, if money is neutral, changes in the rate 
of growth of the nominal money supply will have no effect on the 
equilibrium growth path of output and consumption per capita. From 


Solow's fundamental equation, Eq (2.6), we get: 


(2.7) k = sf(k) - nk 
it e 
(225) er nic Kk 
where I is investment, and = = sf(k). Output per capita can be 


written as 


C 
C259") y ee 


co to 


where C is consumption. By substituting (2.8) into (2.9) we get 


v C 
k= (y - nk) - ¢ 


(y - nk) is the per capita output available for consumption and for 


the change in capital-labour ratio, k. If money is not neutral, it 
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can affect either : Creme (ye—sgk) . 

However, the main results of Tobin's work are: (a) the 
equilibrium capital-labour ratio is higher in a non-monetary economy 
than in a monetary economy; (b) the steady state capital-labour 
ratio can be affected by changing the rate of growth of the nominal 
quanity of money. These results indicate that money is not neutral 
in the sense mentioned above. In Tobin's model, disposable income 
plays an important role because money affects the real variables 
through its effect on real disposable income which itself determines 


savings. Disposable income, Yd, in Tobin's model is: 


a da M 
Aaly) ts Saas ee) ae 
which can be written as 
M 
(275129) Yde= ot (0e— 1) 3 
M P 
where 6 = M? and 1 =>: It is assumed that the expected rate of 


P 
enange in price.) 1, 1s @qual’to the actual rate of change, > 
Obviously, the importance of this distinction arises when the two 

P 
are not the same. We will later consider the case when > 7 7 . 
Spas Oe M 
If the government real deficit is equal to p (8 - 1), we can say 
that (in real terms) savings equals investment plus the government 


deficit. Given the assumption of saving as a constant proportion 


of disposable income, it follows that 


d M ate ci 
C213) s[{Y Tha a! =K+ (=) 
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| 0 d M 
(2.14) K = s[Y FS G)] =—.——— (=) 


Eq (2.14) is often referred to as "Tobin's fundamental equation.” 
Using the assumption that the labour force grows at some given rate 


n, Eq (2.14) can be written as 
On) k = sf(k) - (1 - s)(6 - 7)m- nk , 


where m = PL é 


Levharvi and Patinkin challenged both of Tobin's geile, 
In their approach, the opportunity cost of holding real balances is 
the yield on capital less the yield on real balances. The rate of 


retum on capital is defined to be p = f'(k). The rate of return 


: P ' nde 
on real money balances is - p° If there is a positive rate of 


interestvon!money; =r); itebecomes or - Hence, the opportunity 


i 
cost of holding real cash balances is (p + Dit ree viLcieisweduaL 


to the marginal utility of real balances as a consumer good; and 


2 
(p + pat r) 5 is the real value of the services of real balances. 


Disposable income in their model is equal to output plus real 


transfers from government plus the real value of the services of 


real balances, i.e., 


(2.16) Yd=Y¥+S(0-n) +o (pt+r-74), 


where TT = = is again assumed. When r= 0, Eq (2.16) becomes 


nie Levhari and D. Patinkin, "The Role of Money in a Simple 
Growth Model," American Economic Review 68 (September 1968): 713- 
Dos 


















& D reas ae 
, a i (ih spats <4 
“acttaupe .tstperehtu? 2 rhaor" gk or bets 3194 a ¥ 


ajon) Geviy agme Bn eweig solu? 1iotet gid’ Jedl? Gee 


eq (a27in wee wae perry gs 
1 7 


ie alr — ops 7 8 Aj. = " naw ity 


: ra =m oper 
_ a ta" praoT qo? Med dbserSs feds aviniaat iptte Po aes ; 
eis be Yeo" sition 20 yeow™g Lin pager jails COST Ge iene el 
ay “eat vesormfed bast 76 ‘b taoy sem jal: ror ne ubaey oat . 
| ‘6°00 Beatson ar forteay a] a ad 


. 


ten) o eh ofoat 22 » & ~” 2b eta Aeon eee 
5 


rtd Sia? ani (A) 


ve lous qd0 Sil -, ans! - t RSMO750 ad a + VSaNGe nts ieetednp 
tsuas . a2 5) ef s05hsle0 deed Teet Bening So Sage 
by 259 es uD 3 esinnled Laer So Wo Roe Lea gee eae ae 

- 2 4 ; : 
eovavit jest toies> lyase B39. Soseutsy, 19s ait Bice ha = é > 7 
ae ‘ : y . 2 ' ¢ 7 
feet whiq tuqivo ot Taps af Labor tei a> amos, cali eel 

te Sat bviee ore toa sitny [hex Sch godag se chahl son ast 


mh ate ae 


i 


gem 4 ab tec a aca 


he ae ie peat a | : 
oa -_ ae | a ‘ 


10 


C2517) Yd = (Oackr Oat) oe 


rg 


Eq (2.17) can be written in terms of disposable income per capita: 
(2.18) y du Sik) train (ome 0) =; 


and the physical consumption per capita is 


(2219) <= (1 - s)yd - m(p + 5 ’ 

C220) < = (1 - s)f£(k) + (1 - s)(6 + p)m - m(p + 2 

At the steady state we have E f.—-S0e- lee lneretore. 
(2.21) f= (1 - s)£(k) + (1 - s)(0 + p)m- m(p + 6 - n) 


If we assume that n= 0, Eq (2.21) becomes 
C 
(PERI) Sie (1 = s)fCk) = s(p + 6)m. 


Since s > 0, there exists a negative relationship between per 
capita real balances, m, and the per capita consumption of goods. 
Thus, when the services of real balances are regarded as a component 
of disposable income which yields utility directly, a total con- 
sumption is assumed to be proportional to disposable income, we get 
a negative relation between per capita real balances, m, and the 
per capita consumption of goods. 

In Tobin's model, all markets are cleared at any moment 
Ob time.» Tobin*wasvinterestedtin thevsteady staterpath of an 


economy and did not show how this steady state is reached. Sidrauski 
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uses a variant of Tobin's model, and considers the case in which 


rd | te 


# 1. He shows that given the rate of monetary expansion, an 
equilibrium growth path exists, and there is only one stock of 

capital and one stock of real cash balances associated with an 

increase in the rate of monetary expansion that will increase the 
long-run capital-labour ratio. Sidrauski uses the adaptive expectation 
hypothesis and then derives the per capita equilibrium values of 

money blances, m*, and capital, k*. His model will approach its 
steady state. If 1 es > O; a constant rate of monetary 

expansion will guarantee the stability of the equilibrium growth 

path without fluctuations in capital stock or in the rate of change 

in prices. Alternatively, if this condition is not satisfied, the 
steady state solution to the model is unstable. He says that 

Ans the more rapidly do people adjust their expectation, namely, 
the higher is the expectation coefficient, the higher will be the 


an 


probability of the system being unstable. This is equivalent 


to saying that the lower the expectation coefficient, the higher 
the probability of the system being stable. 
Hadjimichalakis refers to Tobin's (1965) article and 


points out that "a careful study of Tobin's paper suggests that he 


ie Sidrauski, “Inflation and Economic Growth," Journal of 
Politicalgiconomy /oe( December 1967) :) /96-810% 


aa Sidrauski's terminology y is the expectation coefficient, 
t, is the, opportunity cost of, holding weal. cash balances ~ori= sp +) 7, 
and- 1, 2S the, demand elasticity, of money with, respect sto gr. “Ln 
Chapter III we will assume that r=p+m7 be the market rate of 
interest on government bonds. 
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does not restrict his analysis to the case of = T. Hadjimichalakis 


td | te 


introduces disequilibrium as well as expectation into the neoclassical 
monetary growth model and calls it a "Generalized Tobin Model." Since 
Tobin was interested in the steady state equilibrium solution, he 

held that the expected and actual rate of inflation were equal, and 
that the demand for real cash balances was equal to the supply, = 
For this reason, Hadjimichalaki claims that the orginal Tobin model 

is a special case of the "Generalized Tobin Model."" With reference 

to Tobin's model and the question of whether or not markets can be 
cleared, Hadjimichalakis shows that the "Generalized Tobin Model" is 
unstable in both the short-run and the long-run when people adjust 
their expectation quickly and the speed of adjustment in asset markets 
is high. Thus, when people adjust their expectation quickly, both 
Sidrauski and Hadjimichalakis have found that the long-run equilibrium 
is unstable. We shall attempt to show that, under a certain set of 
assumptions, the neoclassical monetary growth model with government 
bonds has a tendency towards stability when the expectation coefficient 
and the speed of adjustment in asset markets are high. We shall also 
demonstrate that the equilibrium value of m* is lower in the 
neoclassical growth model with government bonds than in the "Gen- 
eralized Tobin Model.'' This result is expected since there exists 


an alternative asset to real capital and money, namely, government 


Hh G. Hadjimichalakis, "Equilibrium and Disequilibrium 


Growth With Money ——- Tobin Model," Review of Economic Studies 38 
(Getobersl9/1): e459 footncte sl. Tobin's statements is that "it 
will take time for the new rate of deflation to register in expecta- 
tions and for wealth owners to try to adjust to new expectation." 
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bonds. 


The Role of Bonds in a Growing Economy 


A theory ts usually regarded as a monetary theory 
tf the economte system envisaged is one tn which 
the equilibriun tnterest rate, or the equiltbrium 
pattern of rates, can be altered by a change in 
the quantity of money.1 


Metzler distinguished between two different types of 
increase or decrease in the quantity of money. The first is the 
change in the quanity of money which takes place through open-market 
operations; the second is a direct decrease or increase in the money 
supply. In the latter case, the money supply is changed without 
changing private nominal holdings of other assets, but, in the former 
case, the change in money supply is accompanied by a change in the 
private holdings of other assets. Metzler contends that the classical 
theory of the; interest rate is a theory of real interest rate in 
which neither of these two types of change in the money supply can 
have any effect on the level of the equilibrium rate. The equilib- 
rium rate of interest is independent of both the quantity of money 
and the policy of the central bank. Therefore, the classical theory 
is a non-monetary theory. Keynes! theory is a purely monetary theory 
of interest rate. With respect to the rate of interest, the neo- 
classical theory has an intermediate position between the classical 


and the Keynesian theories. 


i A. Metzler, "Wealth, Saving, and the Rate of Interest," 
Journaliot Political Economy 59 (April 1951); 96, 
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According to Metzler, when we study monetary economies we 
should not ignore the interest rate and the role played by the 
interest rate. But the neoclassical monetary growth model simply 
ignores the fact that any open-market operation, by the purchasing 
or selling of securities, will change the quantity of money as well 
as the interest rate. The neoclassical monetary growth model does 
not take into account that part of disposable income which is. 
generated by interest payment. Obviously a more complete growth 
model would have both types of government debt, interest-bearing and 
non-interest-bearing. However, Metzler introduces the interest rate 
and bonds into his dynamic model. Since a fall in the real value of 
money balances is equivalent to an increase in prices, a change in 
prices can be expressed in terms of a change in the value of money 


if there is no new borrowing or lending by the banking system. 


Therefore, 
(2.23) < & =k [s(r,w) - 12] 
d tae PE ab z 2 
where ki: the speed of the price movement, is constant and greater 


than zero, and saving is assumed to be a function of the rate of 
interest, xr, and the real value of all privately held wealth, W, 
including both money and securities. 

It is assumed that security prices tend to rise whenever 


asset holders on balance attempt to shift from money to securities 
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and that they fall when asset holders attempt to shift in opposite 
direction. The attempted shift, in turn, depends upon whether the 
actual ratio of cash to securities is higher or lower than the 
desired ratio. Since a rise in the price of securities is equi- 


valent to a fall in the rate of interest, we can have 


(2.24) t= ky (L(r) - Sy 
Ba 


3 


where ko is a constant, greater than zero, - is the real value 

of private money holdings, a is the real value of all securities 

(whether held by private owners or by the central bank), 8 is the 
proportion of the total supply of securities held by private owners 
as opposed to that held by the central bank, and L(r) is the real 
liquidity-preference function. In addition, the following two 


definitional equations are assumed to be satisfied at any moment of 


time, without lag: 


(2.25) Wa 
Ie 

eccy 

(2226) oe 


where Y denotes real national income under the condition of full 
employment, and cY is business profits. 

Thesewfour equations, Eqs (2.23) “te (2726)% ‘complete 
Metzler's comparative dynamic system. Taking the linear approximation 
at fa stationary point (r) W*)M*, "and “a*) )") it has been found 
that the dynamic model is stable. If the change in prices does not 


alter the form of the liquidity-preference function, the saving 
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function, and the investment function, the dynamic system will even- 
tually reach a stationary or static position. 

The central bank can affect the rate of growth of the economy 
by changing the rate of interest. "By purchasing securities, it can 
reduce the value of private wealth, thereby increasing the propensity 
to save and causing the system to attain a new equilibrium at a per- 
manently higher rate of capital accumulation. In -a similar way, by 
selling securities, it can increase the real value of private wealth, 
lower the propensity to save, raise the equilibrium rate of interest, 
and reduce the rate of capital creamery 3 Obviously, the sub- 
stantial influence of the bank upon the rate of growth of the economy 
depends upon the magnitude of the saving-wealth relation. If the 
saving-wealth relation is large, the propensity to save increases or 
decreases as the real value of private wealth falls or rises, if the 
bank sells or buys securities in large quantities, the rate of 
growth may be affected to a considerable extent by central bank 
policy. In particular, of course, there is a limit to the amount 
of securities the bank can purchase and sell; it cannot sell more 
than it owns or buy more securities than are available in the 
system. 

As Metzler himself mentioned, this dynamic system made no 
allowance for expectation, and expectation may have a destabilizing 
influence on the system. A rise in commodity prices may lead people 


to anticipate a further price increase. This will probably cause 
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saving to decline and investment to increase, thereby widening the 
inflationary gap and causing further price increases. Likewise, if 
security prices are rising, asset holders may anticipate a further 
price increase, and attempt to shift from money to securities. This 
will cause a further rise in security prices. 

Enthoven introduces bonds into the dynamic mode le He 
assumes that investment, business saving, and households‘ demand for 
bonds and consumption are all homogeneous of degree one in the asset 
and income variables, but not in the price level. In his model, partial 
analysis is used to show the stability of factor proportions and the 
ratio of debt to income. Enthoven is able to show the stability of 
the capital-labour ratio for his model in balanced Correa The 
interest rate is negatively related to investment. Higher level of 
interest rate will correspond to lower level of the investment 
function. In addition, Enthoven shows that as debt and income grow, 
the ratio of debt to income will converge to a stable, limiting 
welues and illustrates the stability of the nominal bonds outstanding- 


capital ratio. His model, like that by Metzler, makes no allowance 


rite G. Enthoven, ''A Neoclassical Model of Money, Debt and 


Economic Growth," the Mathematical Appendix to J. G. Gurley and 
E.S. Shaw, Money in a Theory of Finance (Washington, D.C.: The Brook- 
ingomi ist. CU CLO L000) 0s —2 0% 


Z : , i f 
The investment function is a decreasing function of the 
capital-labour ratio. 


ah limiting value will be greater, the greater is the 
effect of income on borrowing, the lower is the rate of growth of 
income and the less is the deterrent effect of existing debt on new 
borrowing. 
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for expectations. Moreover it assumes that the system has an 
equilibrium solution for each variable; then the effect of change 
in each variable is examined. 

Ethier introduces bonds and the interest rate into both 
the neoclassical and the Keynesian monetary growth aeailelbein” His 
short-run model of the neoclassical type shows that an increase in 
the rate of growth of financial assets will raise the price level, 
reduce the real rate of imterest, and raise the rate of capital 
accumulation. He does not show the conditions under which the 
short-run equilibrium is stable; nor does he show whether or not 
there exists a limit or a range for the ratio of the government 
debts within which the stability conditions are satisfied. In 
his long-run dynamic model, he emphasized the effects of the long- 
run values of the rate of growth of financial assets and the 
government debt ratio on the nature of the long-run equilibrium, 
rather than the conditions under which the long-run equilibrium 
is stable. 

In the following chapters, our purpose is to introduce 
government bonds into the neoclassical monetary growth model and to 
examine the stability properties, if any, for both the short-run 


and long-run dynamic system. 


ae Ethier, "Financial Assets and Economic Growth in a 


Keynesian Economy," Journal of Money, Credit, and Banking 7 (May 
O75") conn 21392, 
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CHAPTER III 


DESCRIPTION OF THE MODEL 


The economy is divided into three sections: business firms, 
households, and the government. Following the neoclassical growth 
model, we assume that there exists a single output, Y, used both 
as capital and as consumer good, which is produced by two factors of 


production, namely, capital, K, and Jabour aL. 
Y = F(K,L) 


We assume a well-behaved production function. By "well-behaved," 
we mean the function F is twice continuously differentiable, 
linearly homogeneous and, in addition, has the following properties: 
(1) positive and diminishing marginal productivities of the two 
factors, and (2) zero output at a zero input level, (Impossibility 


of the Land of Coc ene ia 
vy aaet (k) (200% Bore etOR< 4k <0 
GS) ee Ok, Te) 3 Os soe | hee 48) 


lim Sik); =to.0! Limes “Che =e 
Keen 0 k + © 


and, in addition 


1h, C. Koopmans, ‘Analysis of Production as an Efficient 


Combination of Activities," in Activity Analysis of Production and 
Allocation (New York: John Wiley, 1951): 49. 


19 



















envi obbnteud :enotssaaleaygy Ome, wabavith spate: Fi 


daiwa tes been Losin, sie 4 chee iit’ Smubieliag ake bile a nies 
tad bee 2 \s0gsue Siymbe op ese eee Seer ht 
7 
q 5. 
16 trjdpet aw, td -bobubteg be Goan wht tno in ow “ka ne 3 


prncisl Am» qa peeks s « \Aliplingate iit tte ae 


7 , a : 7 
(aay =e SS i 
oo 


clu F op & qoksanudt hoi: jobeirs povbaetiom & sonia ate’ a P 
“nits ive) Ph. whevndnks aed ee ee dcttoea aay conto har a 
iaqoag shiwellod sated, ao p3thbe cb ane roth a _ 
ert. eh. Py ee Faneuil on iyo eee ooew pihahg CE 
fo Jit \aIp sy L 9° shen HISs net ters | erage 


"Cipla te head a a, 


& +i 0° at a ee 


Us Ad aM eT ‘a * ay 


i) ‘i (Ay? By HEL a= site ay 
3 et lt 





20 


CUE to? hes lim f(k) =, 
Pes tae Ge 
where y = =, and k= =, 


Households supply labour and capital to the factor markets. 
The factor markets are assumed always to be in competitive equilibrium, 
and each factor is paid the value of its marginal product. Therefore, 
the real rent on capital, p, is always equal to the marginal product 
of capital; the real wage, w, is always equal to the marginal pro- 
duct of labour. Firms employ these factors of production in order 
to produce the single output Y. Households receive wages, income 
from assets, and transfer payments from the government sector. They 
Save a constant proportion s (where 0< s <1) of their disposable 
income. They determine how their savings should be held among the 
available assets. The government sector can run a budgetary deficit, 
financed by issues of new money and bonds, in order to buy a part of 
the current output of goods, to buy outstanding bonds, to make 
transfer payments or to make interest payments to bond holders. We 
assume that there are no commercial banks or private bonds in the 
economy. Therefore, the available assets are real capital, government 
non-interest-bearing debt (money), and government interest-bearing 
debt (bonds). With money, bonds, and real capital, and a single out- 
put Y which can either be consumed, or saved and invested, let us 
call this model a "Three asset one-sector growth model." 

The rate of return on real capital is p, which is equal 
to the marginal product of capital. The rate of return on money and 


bonds depends on the interest rate and the price level. The rate of 
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return on money is equal to the negative of the changing price level, 
and the rate of return on bonds is equal to the market interest rate 
on government bonds, r, plus the negative of the changing price 
level. 

The total government expenditures must be equal to the 
total government financing from all available sources. In other 


words, government revenue from taxation, V, funds borrowed from 


: B , 
private lenders in exchange for bonds, [P? and new issue of money, 


fo) 
V ; 
» must be equal to transfer payments, pre interest payments to 


td| Ze 


B 
bond holders, p> and purchases of goods and services, G, i.e., 


O 
V B 
=——+—+ 
P poe 


B ? FL 
where V = U(Y + =e UM cmthiecetaxerate. 
Let us assume that the government expenditures on goods 
and services are equal to the government revenue from taxation, i.e., 


° O 
G=V. Therefore, IE =- + =. Thus, the government deficits 
are entirely financed by the creation of government non-interest- 
bearing debts, money, and government interest-bearing debts, bonds. 
Since the model includes money and bonds, transfer payments, 
and interest payments by the government, disposable income will be 
equal to the total payments to the factors of production, capital and 


labour, plus the interest payment on the outstanding bonds and the 


tthis equation is from T. Tsushima, 'On a Dynamic Macroeconomic 
Model for Monetary and Fiscal Policy," Unpublished paper presented at 
the CEA Meeting, Toronto, June 1974. 












" Par i)’ 
” “a _ 


7 
tyn spkgadts sit TO oy tyegar Sia rr] ok % 
on oy 7 





>t 
us 


; 
7 
7 


ou 


is ad Teepe a ee Tee areas 
r 
alt, etliq. <a ‘Va 
- ' Pe, 
Es J fi =) ‘ 


vege 
fe gus? wal seenet! Segueeiigeaaiate Se 


Si an ee 7. 
a ae , aabiee 


ine ! cunayst, 1 ceaaeis ‘pu 








. in 
: ‘. wey =) "$ 
6 (OF eHnkyaee er arebe i aanees 
e > 
Vi 
mort OF [Bis Se oe 
rh P “ ee ! 
4 
es rea 
4 ’ . 
i 
wy, - Aue 
a Uy aNg e *—<« 
-> i 
his sia Seu. Jed 
: (> oF Eaueog Ste. 3e 
bi . 
: el ee qa s74r4 
“* 4 | ie | ca 
al | VAS 
| ree vs 4 1.) PA ais iG, lies ink, a hes Ls a 
A 
{ t vy bee /, 4a re 
ba ; 
Hot vaieht) sbbinbodgr, febtin aid) @auke 
? 7 -@ ‘ ' 
; As j iia 
otha 7 «' see tal < 
a0 4 at Smoot. tlc wee 6.50 ogi eT Rew fi VOL 32 ~ a aie ye 
ms e ~< n ) al a 
> Te letiden ~ndslpneiy nt = 29.03 084) vi o7 
7 7 / i 









* , 
i ae nbotid ‘Sula raeiue si 


ne 
transfer payments: 


dae dime 5 
° = aa _ — —_ —— A 
(331) VAg=EECKS Lets a(S se MEP? 
Here Yd is disposable income, B is the number of nominal bonds 
outstanding, M is the nominal stock of money, r is the interest 


rate on bonds, and P is the price level of goods. Eq (3.1) can 


be written in terms of per capita disposable income: 


(3.2) yd = £(k) +m - 5) +oE-2-5H, 


B 
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denotes the first derivative of the corresponding variables with 
respect to time. 

If the rate of return on money, bonds, and capital is such 
that households are willing to hold less money and bonds, capital 
intensity will increase and the rate of return on capital will fall. 
Since the rate of return on capital must be greater than zero, the 


! 


properties of a "well-behaved" production function imply that there 


exists a limit for capital intensity. At the stationary point x = 0, 
i.e., the real sector achieves the steady state growth path, provided 
that the rate of interest remains unchanged. Given the rate of 

returm on capital, in order to have a constant rate of interest the 
authorities must expand money and bonds at the same rate (justification 
for this statement will be presented later). We assume r = OcEet 


the nominal rate of interest is the sum of p and mt. Given r 


and p, the expected rate of inflation becomes constant. On the 
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equilibrium growth path the expected rate of inflation is equal to 
the rate of money expansion minus the natural rate of growth, n. 
At the steady state equilibrium path, the ratio of the government 


depres a0 must be constant, i.e., 


a 


(1/2) eee MBL) we Fs 
(B/rP) *(B/rPL) ~ b&b i 


By logarithmic differentiation of this equation with respect to time, 


we get 


MP Sheps er E 
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where the labour force is assumed to grow at a constant rate n. By 


substituting m = be, we get 


M B&B 
Q yy (0, -1)(7 +n) =0, 


since at the steady state growth path r This 
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equality holds at the steady state when = == 8, (8, —1(6 -7-n) = 0, 
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equilibrium growth path, the expected rate of inflation is equal to 
the rate of monetary expansion minus the natural rate of growth of 
an economy. 


By substituting m = b0 = @, and the expected 


ay 


rate of change of price level 1, into Eq (3.2), we get 
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(3.3) y = f(k) + (8 - m)(1 + 6,)b - ae 2 


and saving per capita becomes 


(3.4) =iey = st (kp tos( (0 - n)(1+ 8, ) b= =>] } 


This per capita saving must equal the net addition to the community's 


per capita stock of wealth: 


de 


(2%) Ae 
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or equivalently, 


R|Re 
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S ° 
a k+ nk + (9 - tr)(L + 6, )b - 
Therefore, 


b] - nk . 


AiIRe 


(3.6) ik Sede) @ CLS] Ke =] rene 6,)b - 


At steady state equilibrium, the expected and actual rate 
of inflation are equal, the capital-labour ratio and the rate of 
interest are fixed, and money and bonds grow at the same rate. 

But, before an economy reaches the steady state growth path, it is 
possible that the various markets may not be in equilibrium and that 


a may differ from = In fact, whether or not an economy can 
reach an equilibrium growth path is a question to be answered. For 
this reason, we allow the possibility of disequilibrium in this 
ieaer and then show that the economy does indeed reach a steady 


state equilibrium under certain assumptions. We assume that the 


labour market is at equilibrium at any moment of time, that the money 
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and bond markets are not at equilibrium, and that the expected rate 
of change in the price level is different from the actual rate of 
change. According to Walras' law, the positive (negative) excess 
demand for goods and services will cause the price level to rise (fall). 
Since it is assumed that the labour market is at equilibrium, the price 
level must change in order to ensure the equilibrium in the commodity 


market. Thus, the actual rate of change of inflation can be written as 


CR =se(met bie H(-)) an (-)] . 


ty | toe 


where H(*) and B(+) are the demand functions for money and bonds 
respectively (they will be specified later), and e¢ is the speed 

of adjustment which is constant and greater than zero. If e 7 
(or 2 * 0), the sum of excess demands in the money and bond market 
becomes zero. 

For the dynamic behaviour of expectations, we use the 
so-called "adaptive expectation" equation that was originally 
introduced by Cagan (1956)+ and used by Sidrauski (1967), and 
Hadjimichalakis (1971) in their monetary growth models. Suppose 
that the quantity demanded (as in a period of rapid inflation) is 
determined by the expected price level rather than the actual price 
level. Since the expected price is not directly observable, we postu- 


late that the value of expectations is formed on the adaptive rule 


= Cagan, ''The Monetary Dynamics of Hyperinflation," in 
M. Friedman, ed., Studies in the Quantity Theory of Money (Chicago: 
Universitymot (ChicapomPressyeLI56) Rep S78 


| 7 eee ) Wie 
” 7 
| | . ron a te 


ta erly, ie eng fats jipheas ay «a 
f v.¢ 7 7 

suayieel ar tavel en 
ys 


: eee dd Sto wes ‘parte ed tual 








- agente 
nines . 
mm 


+o! | acue 8? CPU aah eae eer ot Sa 


oa Awe 
in 8 iva qocdel 844 768 eae it 








; _ 
_— a) 7 
‘ 
; at BUeanS CF Boas “al. oF he vith: * OLN 
i : 
ws 
: r ib ee Trek 
J 1 BUSS 
¥v : 
iw - 
4 : 
4 = Y 
ri { 
S wv ( 
ayy 
) ‘ 1s f ie 
/ 
a Ae 
5 t HIT) V4 


/ of 7 : 
te be Piet % ver en e 3 
jBUGH Wiss 2oCAS SUID GRR : U i Biss aul a 
A .* ‘i Gp 


mS - ie bs . 
i bas ty is (octiie uuell vd hos uiord é i 
» q 


‘ in 
gacradu2 1a nahi ekg sc 04S tk ETA? ig dia 


| : * + es 
. 
j » OS ty 4 “Yai Pee lal tabi Tre mee 7 
s (s ¢ = 
: : 
: } ».} 2 eo 
(mys! Shiay hataeere aes Davare Le 


“2 





mt | ao id “ Th eth? Ben at 4 : eeaees i 


sis bee 





i inno : /, } by ot wy, ano x3 <4 nF hd 


26 


is “a 2 
(3.8) Wen ok Se Ua yYIG@), - 7 


e ie ie Pe 


|St 


where t denotes the time period. y is a constant, greater than 
zero, and is called the "expectation coefficient." This means that 
current expectations are formed by adapting previous expectations in 
the light of actual achievements, i.e., current experience. Expecta- 
tions are reformulated in each period; ise me 


current expectations. The change is only a fraction of the difference 


is the change in 


P 
between the realized rate of inflation, (>). , amd the previously 


Pet 
expected rate of inflation, To4 For thesperiod. -ttisiwe have 
(3.9) tee 
: Mepg VSD ety 7 Tetd-1 ; 


and for a large value of i we have 


@re1G) T= vie - Tw] 


Bimthe expected ratevor inflation is less than the actual one, the 


expected shatewor innbatrou rises, and vice versa. lf = y > © (or 


=e OF . being the time period needed for correcting the inequality 


P 
P 


12 
and 1) then we have erick the case of "perfect- 


between 
foresight." 

We next specify the demand functions for money and bonds, 
H(-) and oe Money is demanded for two purposes: to finance 
transactions and to hold as an asset. The per capita demand for 
money as a means of payment is a function of per capita output, and 


the demand to satisfy precautionary, as well as speculative, motives 


is a function of the opportunity cost of holding these balances, 
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which, in turn, depends on the rental on capital, p, the expected 
rate of return on cash balances, and the rate of return on bonds. 


Therefore, combining these we get 
Call) mame H [os On) tm, sf Ck) 


It is assumed that there exist uncertainties as to the timing of 
payments which cause households to hold assets in the form of money, 
bonds, and capital. In deciding on the composition of their asset 
portfolios, households are actually concerned with the anticipated 
rates of return from these assets. We adopt the assumption of 

P ie 
1 F Pp’ We also assume that the anticipated rate of interest is 
equal to the observed market rate on the government bonds, r, 


consisting of 
GBs. 1:2.) r= 9 oT 


which is Fisher's money rate of interest. 

Since the demand for money is an increasing function of 
£(e) , and) the latter, in turn,-is an increasing function of -k, 
the demand for money becomes an increasing function of the capital- 
labour ratio. In addition, an increase in the capital-labour ratio 
Meanse aetadl inathe marcinal product of capital, Hisee 5 paaq which 
lowers the opportunity cost of money. The opportunity cost of 


holding real cash balances can be written as 
max. Con Dota 9 


the difference between the rental on capital, or the difference 
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between the market rate of interest on government bonds, whichever 
is greater, and the (expected) real yield of real cash balances, -mT. 


ByeouDSticCucing | teen —-9p., we Pec 
hen (Gs hte te = fh a 


whieh isa function of k and r. The demand for real cash balances 
is an inverse function of the opportunity cost of holding real cash 


balances. Therefore, the demand equation for money can be written as 
(Cem iley) m= H(k, r), #4xwhere HL =, 8h cs 10 
r 


The real value of bond holdings demanded depends on real 
income, the rate of interest; the rate of return on capital, and 


the expected rate of return on real cash balances 


“A 


(3.14) Deas [ reep,. tt ik) | 


The higher the output per capita, the higher will be saving per 
capita and, thus, more bonds will be demanded. The higher output 
DenEcapitCom mpi tesetieulsener. capital—-labour tatiow) inererore., the 
demand for bonds is an increasing function of capital-labour ratio. 
Avtallvinethe rate of interest) (i.c., a case in the price of bonds) 
leads to an increase in the opportunity cost of holding bonds, and 
lowers the demand for bonds. A rise in the rate of interest (i.e., 
a fall in the price of bonds) has an opposite effect on the demand 
for bonds. Therefore, the demand for bonds is an increasing 
function of the rate of interest. The opportunity cost of holding 


government bonds can be written as 
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max. (p, -7) -r , 


the difference between the rental on capital, or the difference between 
the (expected) real yield of real cash balances, -1, whichever is 
greater, and the market rate of interest on government bonds. By 


substituting t= r-p, we get 
max. (9, p -r)-r=p —-r for ee 1 


which is a function of k and r. Therefore, the demand equation 


for bonds can be written as 


(3.15) b = B(k, r), where By FO. B Si 


Substituting (3.13) and (3.15) into (3.7), and remembering 


that m= bo, we get 

(3.16) ae e[(1 + 6,)b - H(k,r) - B(k,r) ] 
Differentiating logarithmically m= ae b = =, and She) pete Th 
with respect to time we get 

(Ba17) m= m(6 - 2 n) , 

(3.18) b = b(6 - Best en) 

(3.19) pe) aN las Sp 


Byecollectingshqsn( 3.0) ga ComlO em (solo) sal el) eo ao) mandate 10) 
our model may be represented by the following system of six differen- 


tial equations: 
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m= m(8- 5 - n) 3 
b=0(0-5-2-n) : 

(3220) : 
= = e(ietao) be— H(k,r) - B(k,r)] 5) 


r=f"k-7, 


t= ys - 7] 


td | he 


Since m= bo, we can eliminate Eq (3.17), and by substituting 
into the m and b equations and 7 into fr equation, our three 
asset one-sector model may be reduced to the following system of 


three differential equations in k, b, and +r only: 


k= isi(1e) (le=ws)1(6-— 4) Cl + ae = = i Senken 
(ao is} Ly SG = Scat = @,)b - H(k,r) - B(k,r)] - =- nh 
r= f"k + y{e[(1 + @,)b - H(k,r) - B(k,r)] - 7}. 


The stock variables k and b, and the market interest 
rate, r, must change so as to clear each market involved as an 
economy evolves over time according to the above three equation 


system. 
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CHAPTER IV 


AN EXAMINATION OF STABILITY PROPERTIES 


Short-run Analysis 


In this section, we attempt to examine whether the short- 
run equilibrium exists, and under what condition(s) an economy can 
reach an equilibrium in the short-run. For this purpose we consider 
the short-run analysis of the system described by Eqs (3.21). The 
short-run equilibrium could be defined as a temporary equilibrium 
for a time period in which the capital intensity is fixed at k 
and the labour force is given, so that k=n=0. This implies 
that the marginal product of capital (the real rate of return on 
capital) will remain unchanged. We note that k can be constant 
if the supply of labour is equal to the demand for labour. But 
by our assumption that the labour market is in equilibrium at any 
moment of time, k can be taken as constant in the short-run period. 
Therefore, setting k=n=0O in Eq (3.21), our short-run system 


is reduced to two equations system for b and r: 


b{o - e[(1 + 6,)b - H(k,r) - B(k,r)]- ae 


Oe 
ll 


(4.1) 


Ke 
i} 


(MIL Gs H(k,r) - B(k,r)] - 1} 


For the short-run equilibrium, we consider the local stability of 
the model. The stationary point (b,r) can be found by setting 


b= r-=0. We then get 
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(4.2) 
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ht 6,)b ~ H(k,r) - B(k,y)] 


The stationary point requires that the rates of money and 


bond expansion, 6, bewequal to the expected rate of inflation, T, 


which, in turn, must be equal to the actual rate of inflation, - 
One might ask what will happen if the rate of change in money differs 


from the rate of change in bonds. In order to answer this question, 


let us assume that the following relations Holds 


C453) m 


H(k,r) 


Ga 
i} 


B(k,r) : 


Taking the time derivatives of these equations, setting k=n=0, 


&, 
and solving simultaneously for = and = we get 
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where ihe and 7 denote the demand elasticities for money and 


b 


bonds with respect to the rate of interest, ne < 05) and 


ae 0. Eq (4.5) shows that the price level is always increasing 


so long as there exists a positive growth rate of money and bonds. 


Eq (4.4) suggests that the rate of change in the market rate of 


rns section draws heavily on Tsushima's results of short- 
run analysis in "On a Dynamic Macroeconomic Model for Monetary and 
Bis calerolicy su: 
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interest is a function of the difference between the rate of change 
in money and the rate of change in bonds. For example, when the 
rate of change in money is less than that of bonds, the market rate 
of interest rises. Suppose that real money balances per capita,== m, 
are less than desired at equilibrium, m < m*. The authorities must 
then increase the rate of issue of money, with an open-market pur- 
chase of bonds. This causes the interest rate to decline, and is 
accompanied by a rising price level. Since the market rate of 
interest decline and the price level rises, this may leave the real 
value of the bond holdings unchanged. This process will continue 
until thes desired ratio) of.emi4 and -b*!\is achieved. If the 
authorities wish to hold the price level unchanged, the following 


P 
relation between & and must hold by putting pe erin 


B M 
EGEG4.)): 
3 i MM? 
m 
B M sid 

where B and mu are DOLEZCCOnm—no! DCCm——K a One Chis simplices 

Aine ; 

M 

that an open-market purchase of bonds should take place when vad OF 


The market rate of interest would go down, causing the real value of 
the bond holding in the private sector to rise until the desired 
ratio between m* and b* is again achieved. 

By taking the Taylor linear approximation at a stationary 
point (b, r), we get the following matrix of the short-run dynamic 


model (4.1) 
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ry? x b B r 
-eb(1l + 6) (1 == =) bi Cia D lef + bt + H +B] 4+ : 


| 
— 


(4.7) 


ey(1l + 8.) -y{e[(1 + er + HL + Bd + 1} 


where an element of the matrix, aye stands for partial derivative of 
ag : ° pth - A nee - 

i equation with respect to j variable. In addition, it should 

be pointed out here that the stability analysis is based on the behav- 
iour of the system of differential equations in the neighborhood of a 
stationary point, i.e., "local" in nature, due to a linear approximation. 
A set of necessary and sufficient conditions for local stability of 

the system is that the trace of (4.7) be negative and the determinant 


of (42/7) be sain,” From (4.7) we get 
det. = b(1+ 8) > 0 


if b 2 
a as -+H + + 
trace {eb(1 + 6G + = + ye{(1 + Pie He BL] y} 


ui 2 S 1 
- —+—=) + + = 
ScaexCit oe Te of a He BL + =| 


a 


Since the determinant is always positive and H << 05 BL. oa Seeetie 


necessary and sufficient conditions are satisfied with the following 


condition(s): 


linis criterion is based on the Routh theorem which will be 
presented on page 42. 
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or (1 + 6 yO oe Glo te ay es lee 
AL Ge r ie 


or the sum of the expression in brackets is greater than zero. If 
yeand) ¢ “both approacheinfinity, the required condition for stability 


would be either 
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From the above condition(s), we see that short-run equilibrium can be 


achieved even though both” y and © > ©, or either Y= ™ or Ee 5> 0 


if one of the following conditions hold: 


+8 
(4.8) He BE 2s 
or 
b a 
= + 
(4.9) : (1 + 8) + He Be Pal) oe 


In order to write the conditions (4.8) and (4.9) in terms 


of demand elasticities for money and bonds with respect to the rate 
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of interest, we note that 


where ibs and nh, denote the demand elasticities for money and bonds 
with respect to the interest rate. Substituting He. and 5. into 


(Qn oyewand = (4 (9) eewetcet 


b 
' = + 
(4.8) = ih, oR) Saat 
(4.9)! Se cena) 1 20 
TonD im ‘ 
My 
From (4.8)' we have 85 =o a This means that the short-run 
m 


equilibrium is stable if the desired ratio of money and bonds is 
less than, or equal to, the negative of the ratio of the demand 
elasticities for bonds and money with respect to the rate of 
ip Leres Ce lUsOthem words mtieLesecxictSsuGtOnlyea stance cor, the 
ratio of the two kinds of government debt within which the short-run 
equilibrium is stable, but there also exists a limit to this range 
depending on the magnitude of the demand elasticities for money and 
bonds with respect to the rate of interest. 

If the ratio of the government debt is greater than the 
negative of the ratio of these demand elasticities, the condition 
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(4.8)' does not hold. Given 9 oS 
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(i) when O > ne eee See Che shOrtorunsequidibpiumeis stable: 


n, +2 

(ii) when n_ <-l, then 6, < - ———,, and there exists a 
m a Dee 

range within which the short-run equilibrium will be stable 


again -- 


1b 1b + 1 


je rae 

m 
Suppose that (4.8)' holds and the demand elasticity of bonds with 
respect to the rate of interest is equal to the absolute value of the 


demand elasticity for money with respect to the rate of interest, 


iene i, = ies then 85 < 1. Alternatively, suppose that (4.8)' 
does not hold, but (4.9)' does, and iia ih Then 
Tek 
1e< 8) < b i 


The analysis so far has demonstrated that the short-run 
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equilibrium is stable if 6 5S 


b hy "b 
n 


1 Slabs ae Geneon 
md 


m m 


no matter what the values of y, and e might be. 


Long-run Analysis 


Although the short-run dynamic model has proved to be 
stable, it has been assumed that the real sector is fixed and the 
market rate of interest has no significant effect on the real 
sector of an economy. In this section, we take the system (3.21) 
as a long-run dynamic model by allowing k to change as the 


economy evolves over time. We reproduce Eqs (3.21): 
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Se Aes) & ch & ate Seaver e,)b - = b] =fok & 
(G510)8\ eb) =kbt Oe ne (1 + 6,)b - H(k,r) - B(k,xr)] - = ne 
r= f"k + y{e[(1 + 6,)b - H(k,r) - B(k,r)] - 1} 


Setting k=beres O, we get the long-run equilibrium point 


(k*, b¥, r*), where * denotes equilibrium values. 


(4.11) sf (k*) eon (le 6#) (1 - s)b* - nk*¥ = 0 , 
(4.12) e[(1 + 6%)b* - H(k*,r#) - B(k*,r*)] =6-n, 
(4.13) e[(1 + 6%)b* — H(k*,r*) - B(k*,r*)] = 1* , 


Where mabey sO ePromendsm(4001)ee (4.12), .and) (4.13), we get the lone— 


run equilibrium values 


sf(k*) - nk* 


(4.14) Be n(1 = s)(I + 6%) ° 
_ ___sf(k*) - nk* 
(4.15) nS War Seen™ Dee) ee 
i 
(4.16) He aay 
P 
(4.17) ré* = f£'(k*¥) + 6 - n 


Eqs (4.14) and (4.15) indicate that neither bonds nor money are 
neutral, in the sense that the capital-labour ratio in our three 


asset one-sector economy is lower than in a one-sector growth model. 





p tiers > Py 
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Sineem p* UF sands m* > 0,9 it follows that “st(k*) — nk* > 0; or 
£(k*)/k* > n/s; whereas, in Solow's one-sector growth model, we 
have f(k**)/k** = n/s, where ** denotes the equilibrium value. 
Given the properties of the production function, it follows that 

k* < k**, In comparing Eq (4.15) with the long-run equilibrium value 
of m* in Hadjimichalakis' generalized Tobin model where 


*) — nk* 
m* = SE 7 we find that the long-run equilibrium value 


of m* in the three asset one-sector model is lower than its value 
; : ul f 
in a two asset one-sector model, since mee 0, or equivalently 

ih 


* 
Na oF 


By taking the Taylor linear approximation at the long-run 
equilibrium point (k*, b*, r*) we get the following matrix of 


the dynamic model: 


ail 1) a3 
(4.18) aoy ayo a53 
= 34 Say) rag 


where 


TYE G. Hadjimichalakis, “Equilibrium and Disequilibrium 


Growth With Money - Tobin Model," Review of Economic Studies 38 
(October 1971): 470. 
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(4.19) 
a4. 7 “(sé + (1- s)[£"(1 + 0,)b -2 ((H, +B.) - e"}] - a} , 
a5, = eb(H, + B) 2 = eee es) Claaa@s) b 
otek = Ge LY ce gall 


= EL 1 W " sa = " = " 
Blan, fo gy SENEM ae 5G > GONG tL eo ane = pose Beaty fut 


~) 


ant EDRs 
ai = a(t - s)(1l + 6.) ( 53 wy 3 
ayy = eb(1 + 8.) + eae! + eaeame! -s)n - ye] 5 
i Lai 

az = acl + 6) [- PG —es neta ye | ; 

Bel nb 
Eee yy ace {(1 + 6,)b 0 ore (1 + 64) 

Yb b a 
- my hee Cl + 8.) + HE + BC] ap IMP) 3 

ES b oF eee an, n 

ay = eb[— (1 + 6,) + He + BL ae {£"(1 = s)(1 + 6c + ~)b 
- ylel2 + 0,) cee Bd + 1}} , 

_, aS n 

A334 = 5 eG s)(1 + 6G + mh 


- yie[2 eo) aaa Bd oa are 


b 
where A= 1- (1 - s) 7 os > 0 for simplicity. In order to make the 


calculation simple, let us introduce the following notation: 


De=osi' oto f Cl ts) (le + 8,)b -n 


AWN 
~ 


O 
i} 


Gi +6.) +H +B >0 (the short-run stability 
r a r r 


condition) 
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eal 
R= y(eQ+ 1) >0 

Xe= ny Cel ats) ee 

z= (1+ 6,)(1- s)(b + =) si) 


Using this notation, the matrix (4.19) becomes (4.20) 


(1 - s)(1 + 8,)(ve 2 n) 


a b 
ald = mae = s) x] maaan NG eee 
b b(1l + 8,) 
ebJ - ae - X) - eb(1l + 8) a sy [f"(1 - s)n - ye] 
LIB 2. Se) ay ae WMG = aa = ye 
A A 
1 


=[Z - 2(1 - s)RI 


 ebQ es 


vast Z—R) 


Leen 
ast if A) 


Before examining the necessary and sufficient conditions 
for long-run stability, it would be helpful to have a way of 
ascertaining the convergence or divergence of a time path without 
having to solve for characteristic roots of the differential equation. 


Such a method exists. Samuelson has presented the Routh theorem that 


Le i — . | / . 7 n 


‘ 
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Oy ee q30a- + A eas aa 


(OS,3) esmosad. (0L. 8). xtizent sia jg 


b Lyd 
| ——— + it.8 + fds 
/ Ay ] 
(6 2... }6 
ey 
(ay = te = ees 


1 (a= Sites > de 
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gives us the necessary and sufficient conditions in order for the real 


F i 
parts of the roots to be negative. 


Routh Theorem 


Consider a polynomial 


= 3 2 . 
f(A) = ah + a, + anh + a. = oO” 


where a, > 0. Then, the Routh theorem states that the necessary 
and sufficient conditions for the real parts of the roots to be 
negative is that the following sequence of determinants all be 


postive: 


al a 0 
ay a, 1 3 
Ted eae a Ba) Saeed ma 0 
Bo ES) 
0 ay a, 


a andeour matrix ot. a 


To see the relation between a> a 3 


iL.” ao» 
dynamic system, let E be a square matrix (3 x 3) that is non- 


singular: 


11 12 13 
nS hy a ae 
aa 230) 8 


=, A. Samuelson, Foundationsof Economic Analysis (Cambridge: 
Harvard University Press, 1947), pp. 430-36. 
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Let us consider a matrix [E - AI], where A is a scalar variable 


andeele isatherunit matrix. slhen 


ith 12 13 
[E - AI] = ao Ano ~ r ay 3 
al ) ey 


|E = Nai is called the characteristic determinant of E. By expanding 


the determinant we get the following scalar polynomial: 


Zz ey ar 2 
f(A) = |E - Al| AW ae (Bike 8 Ba ae Cie os 


[854459 ~ 444433 7 492433 * 813431 + 432493 


+ Ay 9454) + (determinant E) 


The polynomial f(A) is called the characteristic function of the 
matrix E. Now, setting f(A) = 0, and multiplying both sides by 


-l, we have 


3 2 7 
aa oF a, + ah an a, = D5 


which is the characteristic equation of matrix E, where 


ane Lee, a, = “(ay4 to ano mE a3) =)—- trace of our matrix of 
the dynamic system, 
=k 1 eal: ee? 3 
oy = IF ot * 
pal | Ee) CN Me lpia ap earch 


pve § 
‘ Rand —_ 5 1 , 
~~ ia 
a ‘e f on 
e ~~ 
) Tele f 3if aT Re 8 
fs if 
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and 
ac gtar es | E| A the determinant of the matrix of the dynamic system. 


Necessary and Sufficient Conditions 


for Long-run Stability 


As we have seen, the necessary and sufficient conditions for 


long-run stability require that A,> Ay» and A, > 0, where 


A. = a, = -(a,, +a 


ll 22 ap a) = - trace > 0 ize. .cracess 0 


=a aa SO (since as 1) 


Vv 
oO 


A. = a, (aja, -a 


Since - a, must be greater than zero, this implies that 


bw) 3 


a, > O must hold, i.e., a negative value of determinant is greater 
than zero or a determinantal value is negative. Therefore, in order 
to have stability, the following inequalities must hold: 

Ci) trace#< 0; 

C2) ama 


(3) a determinantal value is negative, and 
C4) aa aoe 
We now calculate these values. 
= + 
(1) Trace ait ayo a4 
From (4.20) we have 


Leal 
= ree mer s)X] 


LtmevemOne | then asses Oe wheres D= sits sf (1 — s) (1 8,)b - on. 
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b tye a 
ayy = eb(1l + 61) + reac + 6 lt C1 s)ne— ve] <0) 


> 


since y and e€ are greater than zero, and f" < 0, 


~~ ort 
a = att z oy ee 4) 


3 
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since R>0O, Z>0O, and £" <0. Therefore, trace = a.. + a 


ay a3 <a Ose ee we ae SE Erace sO seecom Ongmas nD a<kO: 


Let us write a, as a, = o au (ha: ar ep A eekayal 


oO EGE ae *) te leas) 


Le hie] > i Oe A 
fe (iH, + 6) C2 -n) - Yq, + 8.) - e"])(eb + mH 


oa oe Ome Lola Oe rand 


e(H. + B C2 -n) - “(eb + n) [e (H, + B) ey te 16) 


5 YW 
- en(H, + Bi) Cy iP Gah Ge Ven Goleh oe sap ce 8) 
en(H + B) Cy er) ayf (ebet n) 
Since st vi< 0, Hy? O=™ “and BE = OF this condition holds. 
it n a 
= “ == + = +2 +B) - £" 
a, 441433 41343) atyb(1 6d s) CL 7) le CH, W eu] 


- Diyfe(2a + 6) + He + BJ} + 1]} 


fae e <0 Oe ethion a, > 0. 


wv 
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A> tay = nie TYRES ae (oes 


ni ~ (a+ eae gh ar 
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2 eg pre 


-eb(1 + 8.) n 
Geers ce ee ©) (OO BOd a BnHees(s 1 ey) 4 


TeeebCir+ 6_)e=— n(Bo + B Jie we, then@ia. > 0. Therefore, 
ii ie ri = 3 


gi. S © Ge Oy 4° Ot, Se SGe 


De=)stoepet: (le— 5) Cle + 6,)b sn <0, 
and 


b(1 + 8,) - n(H_ +8) 2 0 


(3) Determinant 
Multiplying) thesthirds rowsot (4.20) by - and adding it to 


the second row we get 


a a a 


nal 12 31 
“Oo b n 
(CL GAD) det =rep Hy ~ Be -(1 + 8) me + 61) + A + BL 
23 5) aos 


' 


By expansion we get det. = eb(a, a 2) 


fe a4) » where 


-(1 + 6,) 


at = qe yee - s)[b(1 + 61) = n(H cr BD] - y} 


ve (Cl + 6a - s) 


0, ener ge ger + BL {b(1 + 8.) - n(H + BL) 


Cle+ 6d - s) 


Zs b 
ieee ke Le ae s a here! 
03 x a,,{b(1 + 6) n(H BL. z y} 


Therefore, 
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! + ! 1 
det. eb(a, at + a4) 


2 


eb(1 + 8.) be 
S a {£"(1 ~- s)[b(1 + 6) - n(H. + BD] + yD}. 


THereLOre were, =.) ame) (amu). sn atid 


> 


bCle+ 8) = n(H ts B) > 0 


H: 
@ 
d 
sb) 
ll 
| 
Qs 
@ 
ct 
Vv 
i=) 


re SMB Scales 
a1a, - a, = — (a5 5 + a3) + ; 
Dik oD wl | Sa 
wey ays Sh. che Sabie es 
zt ~ Sal = 
237m 36 “ih Fp) Pek CAS 
Sai) i) pe Hs 
maa a i" eBay 
ee 33 Ei IS 
Since a, 22 Bes a4? Ayo» and a3 <0, we have the sum of the 
first five terms greater than zero. Therefore, aja, - a3 > med 
=) eles 12 B13 
> oy Say m0 
250 03 Sys) 223 


1 ee eh 


= J 





We note that this expression is eb(a,, + a4) i.e 


parts of the determ 


ie 
eb(a!l + at) = — 
2 3 Ae 
aya, — ay 
Ci meete (a) 
(b) 
or 
(2 eee e (a) 
(b) 


Condition (1) does 
holds. 


conditions for 


inant. 


eb(1 + 6,)(1 - s){yeA(H, + B,) [b(1 + lhe ealGl, iy 
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the last two 


oF. 


Therefore, we can write 


“Dees e A 
PIPE = AGL <> Sa) > GL Seog 


x [yfe(H, + BL) =e} 


£"D]} 


will be positive if the following conditions hold: 


_ [b(1 +6.) - nH. +B)] <0, and 
ne Hf z 5 
Wey, + BD erent Deo 0. 
~ - [D(lte,))- aCe ab Bi)Ie> 01; and 
yle(H, + B,) = ep a Phy SD. 
notwnoldswhen eye ands 6) ©. butecondition (2) 


long-run stability are: 


ay = - trace > 0 Iie 
ay = SL IE 
a, = - det. > 0 15 
aay - a, = @ ae 


yb 


Collecting these results thus far, the necessary and sufficient 
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The required conditions for long-run stability, then, are summarized 


in the following three conditions: 


Caen) sti —en <0 

yb a oN 
(4.23) Bik b(1 + 0,) n(H + B > 0 
(4.24) yle(H, + BL) et! |e es 


Or equivalently, we may rewrite the above conditions as 


follows: 
(4222) ¢ Ma Sitma> uO es 
! at 
(423) qe = gel Se 64) n(n, a5 ee 6,) 2s 
(4524) y eB, (1 + 61) sae p eee. 


R|o 


where He + B. = (n, sk ie 8) 5 reel 6,58. = Hy. bigs). ca ac 


the long-run equilibrium is stable, so long as n- sf' > 0. In 
other words, if people adjust their expectations very rapidly 
(i.e., the "expectation coefficient” is very large), and if the 
speed of adjustment in asset markets is very high, the long-run 
equilibrium is stable so long as the natural rate of growth is 
greater than the product of the propensity to save and the rate of 
return on capital —-- that ais, the difference of the slopes of the 
natural growth rate and the savings function is greater than zero. 


If y>+, the long-run equilibrium is stable, so long as 
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De aestem oe elf (fete 00 
| Db m 


a 1 


% 
)=0, i.e., 8, =-—, and 

"n 
if either y or e€, or both, approaches infinity, the long-run 
equilibrium is stable, provided n - sf' > 0. From condition (4.23)' 


it is obvious that there exists a range for the government debt ratio, 


or equivalently, 
(4525) r(b + m) > n(bn, + mn 4 


within which the long-run equilibrium is stable; the limits of the 
range depend on the natural rate of growth, the market rate of 
interest, and the demand elasticities for money and bonds with 
respect to the rate of interest. Hadjimichalakis has shown that the 
generalized Tobin model is locally unstable in the short-run and 
long-run when y,é >. But we have found that when we introduce 
government bonds into the model, the short-run and long-run dynamic 


systems are stable under the condition(s) mentioned above. 
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CHAPTER V 


CONCLUSIONS 


In this thesis an attempt has been made to introduce a 
third asset into the neoclassical monetary growth model. Government 
bonds, an alternative asset to real capital and money, was introduced 
in a very simple way. The effect of government bonds upon the real 
variables of the economy was analyzed through the change in the rate 
of issue of bonds by the monetary authority. We have found that the 
alternative asset is not neutral, in the sense that a change in the 
rate of its growth affects the real sector of the economy. The 
alternative asset is interest-bearing, and therefore the interest 
rate is given scope within which to play its role. That part of 
disposable income which is generated by interest payment has been 
included, and disposable income has crucial role in our three 
asset one-sector growth model, as it does in most of the neoclassical 
monetary growth models. 

The introduction of government bonds into the monetary 
growth model, as an alternative asset to real capital and money, 
raised certain questions as to whether or not there exist equilib- 
rium values for each variable, and whether or not those values are 
stable. 

Throughout this study, we have held three crucial 
assumptions. The first is that the anticipated rate of interest, 


o + 1, be equal to the observed market rate on government bonds, r, 


Dl 
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which consists of two components, namely, the real rate of return on 
physical capital and the expected rate of change in the price level. 
This assumption can be relaxed, and the demand functions for money 
and bonds can then be written as functions of three variables rather 
than two, namely, the capital-labour ratio, r° (if we treat r° 

as the real market rate of interest), and 71. The analysis can be 
carried out, but, since this would entail a 4x 4 matrix, we have 
avoided it in order not to make the model more complicated. The 
second assumption is that government expenditures on goods and 
services are equal to the government revenue from taxation, so 

that government transfer and interest payments are entirely financed 
by the creation of new issues of money and bonds. The relaxation 

of this assumption would require a government budget constraint 
which would make the model more complicated than the one we have 
been Winey To include the government budget constraint would 
require a more general model which would have to consider the 
monetary effects of fiscal policy or the fiscal effects of monetary 
policy. The third assumption is that, the rate of money expansion 
is equal to the rate of bond expansion. The removal of this 


assumption has been attempted. The rate of growth of the financial 


me F. Christ, “A Short-run Aggregate-Demand Model of 


the Interdependence and Effects of Monetary and Fiscal Policies 
with Keynesian and Classical Elasticities," American Economic 
Review! 5/ (May 1967): 434-732 See also CosPeiGhristy "AsSimle 
Macroeconomic Model with Government Budget Restraint," Journal of 
Political Economy 76 (January/February 1968): 53-68. 
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ie 8 m+ b 


We have assumed that 
Sere O66 elses, u = 6, where uw and 6 denote the rate of growth 
of money and bonds respectively. This indicates that the government 
debt ratio is not constant, but we are not interested in the effect 
of the long-run values of the rate of growth of the financial market 
and the government debt ratio on the nature of the long-run equilib- 
rium. Our purpose, as we have mentioned earlier, is rather to 
examine the stability properties, if any, of both the short-run 

and long-run dynamic system. 

Whether or not this study has been successful depends upon 
whether or not one accepts the specification of the model and the 
assumptions as reasonable. If they are considered reasonable, we 
have achieved the following results. Defining short-run equilibrium 
as a temporary equilibrium for a time period in which the capital 
and labour force are given, we have found a set of necessary and 
sufficient conditions for local stability of the short-run dynamic 
model. The set of conditions depends on the elasticities of demand 
for money and bonds with respect to the rate of interest. The short- 
run equilibrium is stable if the desired ratio of the government debt, 
money to bonds, is less than, or equal to, the negative of the ratio 
of the demand elasticities for bonds to money (in terms of the rate 
of interest). If the monetary authorities are aware of this ratio, 


they can choose the government debt ratio in such a way that the 


mii Ethier, "Financial Assets and Economic Growth in a 


Keynesian Economy," Journal of Money, Credit, and Banking 7 (May 1975): 
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economy reaches a stable short-run equilibrium. For example, if 
the interest elasticity of demand for bonds is equal to the absolute 
value of the interest elasticity of demand for money, we have 
Crest eet Cree Se beee lie thes abover condition doessnotihold: for 
the short-run dynamic model, or, in other words, if the desired 
ratio of money to bonds is greater than the negative of the ratio 
of the demand elasticities for money and bonds, the short-run 

n, +1 
equilibrium is stable provided that 85 < Sema However, 

m 
there exists a range for the government debt ratio within which the 
short-run equilibrium is stable; the limits of the range depend on 
the magnitude of these demand elasticities. The above conditions 
hold even though the speed of adjustment in asset markets is high 
and people adjust their expectations rapidly. Since the short-run 
dynamic model does not take into account the effects of changes in 
the market rate of interest on the real sector of the economy, we 
have next examined the long-run stability conditions. 

We have found that the long-run equilibrium value of 
money per capita, m*, in our three asset one-sector economy is 
lower than that in the neoclassical monetary growth model without 
government bonds. We also saw that the capital-labour ratio in 
this model is lower than that in one-sector growth models without 
money and bonds. The reason is that our model contains the 
alternative assets in the portfolio of the private sector. On the 


question of long-run stability, we have found a set of necessary 


and sufficient conditions for the long-run dynamic model. We saw 
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that if expectations and asset markets adjust very rapidly, the long- 
run equilibrium is stable so long as the difference of the slopes 

of the natural growth rate and savings function is greater than zero. 
Our results refute those of the Hadjimichalaskis’ "Generalized Tobin 
Model" which claims that the short-run and long-run dynamic system 

is locally unstable when the expectation coefficient and the speed 

of adjustment in asset markets are high. One of the main reasons 
would be that ignoring the rate of interest in an analysis forces 

the price level alone to carry the burden of stability proper through 
behavioural parameters in asset markets. The long-run analysis in 
this paper, however, has demonstrated that there exists a range for 
the government debt ratio within which the long-run equilibrium is 
stable, and the limits of the range depend on the natural rate of 
growth, the market rate of interest, and the interest elasticities 


of demand for money and bonds: 


om - 4 
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This condition is consistent with the results following from open 
market operations, since an open market sale of bonds will raise the 
market rate of interest and lower the ratio of money to bonds, G1: 
Finally, our results also show that, when we introduce government 


bonds into the neoclassical monetary growth model, and when y >»%, 


the conclusion reached by Sudradshie oh Riel 5 aes) eek olalehe Usiet 
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oe, Sidrauski, “Inflation and Economic Growth," Journal 
of Political Economy 75 (December 1967): 807. 
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expectation coefficient the higher the probability of the system 
being unstable -- no longer holds. Our conclusion, contrary to the 
established fact, may critically depend on the specification we have 
imposed on the actual rate of change in the price level; i.e., Eq (3.7), 
pes2oe 

There is much work yet to be done in the area of monetary 
growth models. For example, it would be useful to analyze a model 
which includes a government budget constraint, a savings function 
with wealth as well as disposable income as arguments, an open 
economy rather than a closed one, and inside money as well as out- 


side money. 
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